This paper considers an extension of the minimal repair model policy to be carried out when testing is needed to detect the failures of a system. It is assumed that the system is subject to both types of failures, unrevealed minor failures or unrevealed catastrophic ones. The inspection policy minimizing the expected cost per unit of time for an infinite time span is discussed.
Introduction
Engineering systems can undergo minor failures as well as catastrophic ones. When the former take place in a particular system, it returns to the right operating state with slight repairs and at low costs, even if the failure cause the mechanism to stop working. Consider for instance the case of a machine that presents some difficulties to work due to lack of lubrication, or a battery that do not properly supplies power. The problem is easily solved after testing the oil or the battery level.
The catastrophic failures are those that cause the system to stop working properly but major repairs and high costs are required. Often, a replacement of the whole unit or a perfect repair that restore the system to an as-goodas-new condition is to be carried out. For example, failures due to viruses that make the user to install a new hard disk and, in general, unavoidable over-loads, warming environments, etc may have serious consequences.
As many users of modern technology know, complex systems subject to both types of failures are very common to find in practice and maintenance policies should deal with them. This is the case of computers that can be affected by inoffensive spy programmes as well as by dangerous viruses.
In this work we present a maintenance model useful for unrevealed failures, that is, those that are only detected by testing or inspection. For instance, the presence of a virus remains undiscovered unless the computer is checked by means of an anti-virus programme. Units that are not in continuous operation such as spares or systems in stand-by mode are typically subject to unrevealed failures. This type of failures has received by far less attention than the revealed ones. The following references take unrevealed failures into consideration: Badía et al [2] provides inspection policies along with corrective maintenance. Badía et al [3] presents models of inspection and preventive maintenance assuming a perfect repair that restore the unit to an as good as new condition. Vaurio [8] describes an inspection policy useful when the failures belong to the unrevealed type and optimizes both the availability and the cost. In the model described in this article we consider a restriction concerning the governing distribution of the time to failure which is assumed to be exponential.
The minimal repair model introduced by Barlow and Hunter [4] has been extended in later works that propose maintenance policies according to the state of the system. Block et al [5] present an interesting survey concerning maintenance policies with time dependent costs and probabilities. The text due to Ascher and Feingold [1] constitutes a general framework for repairable systems and deals, in particular, with the minimal repair model and the underlying theory on non-homogeneous Poisson processes.
In a recent work Sheu and Chien [7] deal with a generalized age-replacement model by means of the non-homogeneous Poisson process approach, extending previously maintenance models. In addition Sheu and Chien [7] provide a helpful survey on maintenance policies for revealed failures.
This work focuses on extending the minimal repair model to be carried out when unrevealed failures occur. In section 2 the maintenance model is des-cribed while the cost function is derived in section 3. Section 4 contains the results concerning the existence of an optimum policy and some illustrating examples are presented in section 5.
The model
Consider a system subject to two types of failures: unrevealed minor failures (Type I) and unrevealed catastrophic failures (Type II). Type I and Type II failures occur, respectively, with probabilities p and 1 − p = q (0 ≤ p, q ≤ 1, p + q = 1). The governing distribution function, F , corresponds to an exponential distribution with mean value equal to 1 λ . The system is tested at times nT, n = 1, 2, . . . to check whether a failure has taken place. Whenever a type I failure is detected, a minimal repair that restores the unit to the state previous to the inspection is carried out. In case that the failure belongs to the type II class, the treatment method consists of a perfect repair that brings the system back to an as-good-as-new condition. The maintenance policy is completed with a perfect repair which is done after the N-th type I (minor) failure to prevent the system wearout. Times of inspection and maintenance are considered negligible.
Consider now the following events: A type I failure occurs between two consecutive inspections (I), a type II failure occurs between two consecutive inspections (II) and there is no failure at all between two consecutive inspections (III). Their corresponding probabilities are derived following the memoryless property of the exponential distribution:
Moreover, when two different pairs of consecutive inspections are considered, the foregoing events are independent.
The following costs are taken into account:
• c i unitary cost of inspection.
• c mr unitary cost of the minimal repair of a type I failure.
• c 1r (N) unitary cost of the perfect repair after the N-th type I failure.
• c 2r unitary cost of the perfect repair of a type II failure.
• c 1d cost rate due to the downtime caused for a type I failure
• c 2d cost rate due to the downtime caused for a type II failure.
The random variables below should be considered to describe the model:
• G "Number of inspections until a type II failure is detected".
• Z "Number of type I failures before the first type II failure is detected".
• K N "Number of inspections until N type I failures are detected".
The random variable G follows a geometric distribution with parameter p II , hence
In addition, K N is a negative binomial random variable with parameters N and p I , so that
Moreover, the conditional distribution of Z given that G = i, Z|G = i, is a binomial random variable with parameters i − 1 and
Whenever G < K N the perfect repair of a type II failure occurs previously to the perfect repair that is carried out after the N-th type I failure. The foregoing condition is equivalent to Z ≤ N − 1. In addition, G > K N and Z ≥ N also match.
The model involves the random variables described below:
• Y "Time span between an inspection and the following type II failure provided that a type II failure occurs from that inspection and the next one".
• V "Time span between an inspection and the following type I failure given that a type I failure occurs from that inspection and the next one"
Both Y and V have a common distribution function, F M given by:
and their expected values Y are
Therefore, the mean value of the time span from a type I or type II failure until its detection is given as follows
. . denote a sequence of independent random variables with a common distribution F M .
Cost function
The cost function is assumed to be the the expected cost per unit of time over an infinite time span. Following the key theorem of the renewal-reward processes (see Ross [6] ), that function converges almost surely to the ratio of the expected cost of a cycle and its expected length. Thus, the objective function turns out to be
Q(T, N) = Expected cost of a cycle Expected length of a cycle
where a cycle τ = τ (T, N) is the time span between two consecutive renewals of the system. Consider now that C(τ ) = C(T, N) denotes the cost of a cycle, then the objective function is also expressed as follows:
Q(T, N) = E(C(T, N)) E(τ (T, N))
In this model a cycle is completed after the perfect repair that is carried out following a type II failure or the N-th type I failure, whichever comes first. Therefore the length of a cycle and its corresponding cost are computed as follows
where 1 A denotes the indicator function of a set A.
It is to be noticed that the cycle is completed after the perfect repair following a type II failure whenever 1 {Z≤N −1} is equal to one, or with the perfect repair that is carried out after the N-th type I failure otherwise. The probability that a type II failure occurs in advance to the N-th type I failure is given by:
Hence, the probability that a type II failure happens after the N-th type I failure is
We also focused at the following expectation
Both, Y and 1 {Z≤N −1} are independent random variables and then
The following expectations are also derived
The calculations below aim at deriving the expression of the cost function, Q(T, N). First, the mean length of a cycle is given by
The mean cost of a cycle is
c(T, N) = E[C(T, N)] = c mr E[Z1
with H given as follows
The previous calculations lead us to obtain the cost function
Q(T, N) = E[C(T, N)] E[τ (T, N)]
= = (H + c i A) − He −λT AT + pc 1d + (1 − p)c 2d (1)
Optimal policy
The following theorem constitutes the central result of this work and provides a necessary and sufficient condition for the existence of a cost minimizing policy.
Theorem 4.1 Given N there exists a finite time between inspections, T , that minimizes Q(T, N) if and only if the next condition holds
H + c i A < 0 (2)
Moreover, T is the only root of the following equation
The optimal cost turns out to be 
Standard arguments allow us to deduce the existence of an optimum policy
In what follows the results in (3) and (4) are obtained. The derivative of Q(T ) respect to T is given by
Let g(T ) be the function on the left-hand side of (3), that is
The derivative of Q(T ) respect to T is equal to zero if and only if g(T
In addition, g(T ) also verifies g(0) = −c i A ≤ 0 and g(∞) = − (H + c i A) . Then, under condition (2), g(∞) > 0 and g(T ) turns out to be and increasing function. Therefore, both conditions (3) and (4) hold. The foregoing condition given in (2) is equivalent to the following one that involves the mean time to failure, μ:
It means that it is worth carrying out a maintenance policy whenever the mean time to failure of the system is long enough, otherwise the benefits that derive from the maintenance do not compensate its costs. If this is the case, it is the right time to substitute the system by a new one.
In what follows we study how the optimum policy, T , depends on the parameters involved in this model.
It's important to note that ((λT + 1)e −λT − 1) is a non positive function and g(T ) an increasing function under condition (2) .
As any of the parameters c i , c 1d , c 2d c 1r , c 2r , or c mr increases, the optimum policy, T , also increases. These results are derived given that the following inequalities hold
T is non-monotonic respect to λ and p. Next, we deal with the optimal N. 
Q(T, N)
N turns out to be the optimum number of type I failures.
Examples
The following examples aim at studying the dependence of the optimum policy on the parameters. It is not difficult to prove that the higher c 1d or c 2d a more frequent inspection, T , is required and the higher the optimum cost Q(T , N). Moreover, the higher c mr , c i , c 1r (N) or c 2r the less frequent the inspection, T , while the optimum cost, Q(T , N) increases. Nevertheless, the optimum policy and its cost are non-monotonic with respect to p and λ. 
Optimum number of type I failures,

Optimum interval between inspections, T
In this section we aim at deriving the optimal inspection interval T as well as its associated cost Q(T , N). 
Example 3:
The cost due to the perfect repair after the N-th type I failure is assumed to be independent from N, that is c 1r (N) = C We also consider the following costs: c i = 0.5, c 2r = 4, c 1d = 2 and c 2d = 3. In the previous subsection it was shown that N = ∞ in case that c mr < C and N = 1 otherwise. Table 3 Table 5 . N is the corresponding value given in example 2.
Particular cases
Case 1: p = 1 . In this case the system is subject only to unrevealed minor failures. The expression of the cost function is:
Condition (2) that states the existence of an optimum policy is equivalent to the following one: This inspection policy constitutes a particular case of the model given in Badía et al [2] , assuming a perfect testing procedure and negligible times of inspection and repair.
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